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Wigner function formalism and
the evolution of thermodynamic quantities in an expanding magnetized plasma
S. M. A. Tabatabaee∗ and N. Sadooghi†
Department of Physics, Sharif University of Technology, P.O. Box 11155-9161, Tehran, Iran
By combining the Wigner function formalism of relativistic quantum kinetic theory with fun-
damental equations of relativistic magnetohydrodynamics (MHD), we present a novel approach to
determine the proper time evolution of the temperature and other thermodynamic quantities in
a uniformly expanding hot, magnetized, and weakly interacting plasma. The aim is to study the
contribution of quantum corrections to this evolution. We first determine the corresponding Wigner
function in terms of the solution of the Dirac equation in the presence of a constant magnetic field.
Using this function, we then compute the energy-momentum tensor of the above-mentioned plasma,
which eventually yields its energy density and pressure. Plugging these quantities in the energy
equation of relativistic MHD, we arrive, after choosing an appropriate coordinate system, at a dif-
ferential equation for the temperature as a function of the proper time. The numerical solution
of this equation leads finally to the proper time evolution of the temperature. The latter is then
used to determine the evolution of a large number of thermodynamic quantities in this expanding
and magnetized plasma. We compare our results with other existing results from relativistic MHD.
We also comment on the effect of point to point decaying magnetic fields on the thermodynamic
properties of this plasma.
I. INTRODUCTION
The primary goal of modern heavy-ion collision
(HIC) experiments at the Relativistic Heavy Ion Col-
lider (RHIC) and Large Hadron Collider (LHC) is to
produce a plasma of quarks and gluons, and to study
its evolution from an early out of equilibrium stage to
a late hadronization one. It is widely believed that at
τ0 ∼ 0.2 fm/c after the collision, the created hot plasma
enters a state of local thermal equilibrium. There are
strong pieces of evidence that at this stage, the dy-
namics of the created quark matter is well described
by relativistic hydrodynamics (for a recent review see
[1] and references therein), that, because of extremely
large magnetic fields that are also created in noncentral
HIC experiments [2–5], is to be extended to relativistic
MHD [6]. Assuming firstly that the plasma expands
uniformly in the longitudinal direction with respect to
the beam direction, and secondly that the external mag-
netic field is aligned perpendicular to the plasma veloc-
ity, it was recently possible to extend the well-known
1 + 1-dimensional Bjorken solution of relativistic hy-
drodynamics [7, 8] to the so-called “ideal transverse
MHD” [9], and to determine the proper time evolution
of the magnetic field after the onset of hydrodynam-
ics. In [10], we introduced a more general framework to
study nonideal transverse MHD, and determined apart
from the evolution of electric and magnetic fields, the
spacetime evolution of the temperature in a hot, elec-
tromagnetized, and uniformly expanding plasma. In
order to explore, in particular, the effect of external
electromagnetic fields on the spacetime evolution of the
plasma’s temperature, the latter is to be compared with
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the Bjorken 1 + 1 dimensional solution in the absence
of electromagnetic fields. In a parallel development, we
generalized the method introduced in the framework
of “anisotropic hydrodynamics” [11, 12] to anisotropic
MHD, and studied the effect of magnetization on the
isotropization of a uniformly expanding plasma in and
out of equilibrium [13]. Following the approach intro-
duced in [11, 12], we combined the equations of ideal
transverse MHD with the Boltzmann equation of clas-
sical kinetic theory in a relaxation time approximation,
and determined, in particular, the spacetime evolution
of the temperature in this plasma. The latter is in
principle affected by the evolution of the anisotropy
parameter in this model. A comparison shows, how-
ever, no significant difference between this result and
the Bjorken solution for the temperature [13].
In the present paper, we introduce a novel approach
to determine the proper time evolution of the temper-
ature and other thermodynamic quantities in a uni-
formly expanding, hot, magnetized, and weakly inter-
acting plasma. To do this, we combine the Wigner
function formalism of relativistic quantum kinetic the-
ory [14] with the energy equation of relativistic MHD.
The aim is to consider the quantum corrections aris-
ing from Landau levels, that arise in the presence of
constant magnetic fields. In this way, we determine
the proper time evolution of a number of thermody-
namic quantities including the temperature T , energy
density ǫ, transverse and longitudinal pressures p⊥, and
p‖, transverse and longitudinal speeds of sound cs,⊥,
and cs,‖, and magnetic susceptibility χm, in a uniformly
expanding hot QED plasma in the presence of constant
and varying magnetic fields B.1 To this purpose, we go
1 Transverse and longitudinal directions are defined with respect
to the external magnetic field.
through the following steps:
i) We first determine the Wigner function of a
fermionic hot and magnetized plasma. To do this, we
use the solution of the Dirac equation in a constant
background magnetic field using the Ritus eigenfunc-
tion formalism [15]. Our results are comparable with
those presented in [16].
ii) We then use this Wigner function to analytically
determine the energy-momentum tensor of a hot plasma
in a constant magnetic field. Using this tensor, we de-
termine ǫ, p⊥, and p‖ from its diagonal components as
functions of T . We first show that the resulting expres-
sions (yet in an integral form) are comparable with the
corresponding expressions arising from an appropriate
thermodynamic potential in the presence of a constant
magnetic field. We then consider two different cases of
massless (m = 0) and massive (m 6= 0) fermions. In
the massless case, we determine these quantities in two
different limits of eB ≪ T 2 (high-temperature or weak
magnetic field limit) and eB ≫ T 2 (low-temperature
or strong magnetic field limit). In the massive case, we
determine these quantities only in the limit M2n ≪ T 2,
where M2n ≡ m2 + 2neB is the magnetic mass.
iii) We then consider the energy equation of rela-
tivistic MHD, that is given in terms of ǫ, p‖, and p⊥. In
a certain Milne coordinate system, this turns out to be
simply a first order differential equation in the proper
time τ . By plugging the analytical expressions for the
above thermodynamic quantities in the two aforemen-
tioned limits into this equation, we arrive at a differ-
ential equation for T as a function of τ . We solve this
equation numerically, and arrive, in particular, at the
proper time evolution of the temperature.
iv) By plugging the resulting τ dependence of T
into the analytical expressions for ǫ, p⊥, p‖, cs,⊥, cs,‖,
and χm for eB ≪ T 2 and eB ≫ T 2 in the massless
case, and M2n ≪ T 2 in the massive case, we arrive at
the proper time evolution of these quantities in a con-
stant background magnetic field B in these two limits.
Finally, in order to consider the more realistic scenario
of a decaying magnetic field, we assume that B is con-
stant at each infinitesimal time interval δτ , but decays
according to a certain profile B = B(τ) for B. Using
this τ dependent magnetic field, it is then possible to
determine the τ dependence of the temperature in a de-
caying magnetic field. We consider a number of profiles
for B(τ), and determine the proper time evolution of T
corresponding to these point to point varying magnetic
fields.
It is worthwhile to notice that recently the Wigner
function formalism is used to study the kinetic phenom-
ena of chiral plasma [17, 18] and different aspects of
QCD phase transition within the Nambu-Jona-Lasinio
model [19]. The method introduced in the present pa-
per, however, is a novel application of this formalism,
that, once combined with the main equations of rel-
ativistic (magneto)hydrodynamics yields the evolution
of thermodynamic quantities in an expanding plasma.
The organization of this paper is as follows: In Sec.
II, we present a number of review materials: In Sec.
II A, we review the Ritus eigenfunction method, and
present, in particular, an appropriate quantization for
the fermionic fields which is used later to determine the
Wigner function. In Sec. II B, we derive the thermody-
namic quantities, p‖, p⊥, and ǫ, using an appropriate
thermodynamic potential. The resulting expressions
are later compared with the corresponding expressions
arising from the energy-momentum tensor constructed
in terms of the Wigner function. In Sec. II C, we
present the main equations of ideal transverse MHD
together with the Bjorken solution of 1+1 dimensional
hydrodynamics. The Gubser temperature is also in-
troduced in a slightly different form than the original
one in [20]. Being interested in the evolution of T and
other thermodynamic quantities in point to point de-
caying magnetic fields, we present in Sec. II D, various
solutions for the proper time evolution of B.
Our main analytic results are presented in Sec. III:
In Sec. III A, we derive the Wigner function, the
energy-momentum tensor, and the resulting thermody-
namic quantities, yet in an integral form. In Sec. III B,
we perform high- and low-temperature approximations,
and determine p‖, p⊥, and ǫ in these approximations.
In Sec. IV, we present the numerical results for the τ
dependence of T in high- and low-temperature approx-
imations. These data are then used to determine the
τ dependence of other thermodynamic quantities. Sec-
tion V is devoted to concluding remarks. Comments on
Gubser temperature as well as useful formulae in high-
and low-temperature approximations are presented in
Appendices A and B.
II. REVIEW MATERIAL
To be self-content, we present in what follows a num-
ber of review materials. We start by introducing the
solutions of the Dirac equation in the presence of a con-
stant magnetic field in the Ritus eigenfunction formal-
ism (Sec. II). In particular, we present the quantization
of fermions with a positive charge. In Sec. III A, we use
this quantization to determine the energy-momentum
tensor of a magnetized plasma via the Wigner function
formalism. In Sec. II B, we use the thermodynamic
potential of a hot plasma in a constant background
magnetic field, and present the corresponding analyt-
ical expressions for p‖, p⊥, and ǫ. In Sec. II C, we
then briefly introduce the ideal relativistic transverse
MHD. In particular, assuming the plasma to expand
uniformly, we present the energy and Euler equation
of ideal transverse MHD in the Milne coordinate sys-
tem, as well as the Bjorken and Gubser solutions for
the temperature. Finally, in Sec. II D, we present a
number of phenomenological and theoretical solutions
for the proper time dependence of the magnetic field.
These expressions are then used in Sec. IV, to deter-
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mine the proper time dependence of the temperature
for point to point decaying magnetic fields.
A. Fermions in a constant magnetic field
One of the mostly used methods to solve the Dirac
equation of charged fermions in the presence of a con-
stant magnetic field is the Ritus eigenfunction method
[15]. We outline it in this section. A complete deriva-
tion of this method in a 3+1 dimensional spacetime in
a multiflavor system is previously presented in [21]. In
what follows, we present, in particular, an appropriate
quantization for a positively charged fermion. We use
this quantization in Sec. III A to determine the Wigner
function and the energy-momentum tensor of a QED
plasma.
Let us start with the Dirac equation for a charged
fermion with mass mq,(
γ · Π(q) −mq
)
ψ(q) = 0. (II.1)
Here, Π
(q)
µ = i∂µ + eqA
ext
µ , with e > 0 and q the charge
of this fermion. By fixing the gauge field Aextµ as A
ext
µ =
(0, 0, Bx, 0) with B > 0, we arrive at a magnetic fieldB
aligned in the third spatial directionB = Bez . In order
to solve (II.1), we use the ansatz ψ
(q)
+ = E
(q)
n,+u(p˜
(κ)
q ), as
the positive frequency solution and ψ
(q)
− = E
(q)
n,−v(p˜
(κ)
q ),
as the negative frequency solution. Here, E
(q)
n,κ with
κ = ±1 satisfies the Ritus eigenfunction relation(
γ · Π(q)
)
E
(q)
n,κ = κE
(q)
n,κ
(
γ · p˜(κ)q
)
, (II.2)
with κ = +1 (κ = −1) for positive (negative) frequency
solution. Using the above expressions for ψ
(q)
κ and the
relation (II.2), it is possible to show that the spinors u
as well as v are the free Dirac spinors satisfying(
γ · p˜(+)q −mq
)
u(p˜(+)q ) = 0,
as well as (
γ · p˜(−)q +mq
)
v(p˜(−)q ) = 0.
Moreover, as it is shown in [22–24], the Ritus momen-
tum for a particle with charge q is given by
p˜µq,κ = (E
(q)
n , 0,−κsq
√
2n|qeB|, pz), (II.3)
with κ = ±1 for positive and negative frequency so-
lutions, n labeling the Landau levels in the external
magnetic field, and sq ≡ sgn(qeB). In this paper, we
assume eB > 0. Following the method presented in [22–
24], the Ritus eigenfunctions E
(q)
n,κ, κ = ±1 are given by
E
(q)
n,κ(ξ
sq
κ ) = e
−iκp¯·x¯
P
(q)
n,κ(ξ
sq
κ ), (II.4)
with ξ
sq
κ ≡ (x − κsqpyℓ2B)/ℓb and ℓb ≡ |qeB|−1/2 as
well as p¯µ ≡ (p0, 0, py, pz) as well as x¯µ ≡ (t, 0, y, z).
The physical, on the mass-shell fermion possesses the
following energy dispersion relation:
E(q)n =
(
2n|qeB|+ p2z +m2
)1/2
. (II.5)
Here, E
(q)
n ≡ p0. In (II.4), P(q)n,κ is defined by
P
(q)
n (ξ
sq
κ ) = P
(q)
+ f
+sq
n (ξ
sq
κ ) + ΠnP
(q)
− f
−sq
n (ξ
sq
κ ), (II.6)
with Πn ≡ 1− δn,0, and the projectors P (q)± given by
P
(q)
± ≡
1± isqγ1γ2
2
. (II.7)
As it turns out, P
(+)
± = P± and P
(−)
± = P∓ with P± ≡
1
2 (1± iγ1γ2). The functions f
±sq
n (ξ
sq
κ ), appearing in
(II.6) are given by
f
+sq
n ≡ Φn(ξsqκ ), n = 0, 1, 2, · · · ,
f
−sq
n ≡ Φn−1(ξsqκ ), n = 1, 2, · · · ,
(II.8)
with Φn given in terms of Hermite polynomials Hn(z)
Φn(ξ
sq
κ ) ≡ an exp
(
− (ξ
sq
κ )2
2
)
Hn(ξ
sq
κ ). (II.9)
Here, an ≡ (2nn!
√
πℓb)
−1/2
.
As in [21], we introduce at this stage the following
quantization for a positively charged fermion (q = +1)
with mass m ≡ m+ in the presence of a constant mag-
netic field:
ψα(x) =
1
V 1/2
∞∑
n=0
∑
s=1,2
∫
dpydpz
(2π)2
1√
2En
{
[P(+)n (ξ
+)]ασus,σ(p˜+)a
n,s
p¯
e−ip¯·x¯ + [P(+)n (ξ
−)]ασvs,σ(p˜−)b
†n,s
p¯
e+ip¯·x¯
}
,
ψ¯α(x) =
1
V 1/2
∞∑
n=0
∑
s=1,2
∫
dpydpz
(2π)2
1√
2En
{
a†n,s
p¯
u¯s,ρ(p˜+)[P
(+)
n (ξ
+)]ραe
+ip¯·x¯ + bn,s
p¯
v¯s,ρ(p˜−)[P
(+)
n (ξ
−)]ραe
−ip¯·x¯
}
,
(II.10)
with p¯ = (0, py, pz), En ≡ E(+)n defined in (II.5),
p˜κ ≡ p˜+,κ and ξκ ≡ ξ+κ for κ = ±1. Here, an,sp¯ , a†n,sp¯
and bn,s
p¯
, b†n,s
p¯
are two sets of creation and annihilation
3
operators satisfying the commutation relations
{an,s
p¯
, a†m,s
′
q¯
} = (2π)2V δ2 (p¯− q¯) δs,s′δn,m,
{bn,s
p¯
, b†m,s
′
q¯
} = (2π)2V δ2 (p¯− q¯) δs,s′δn,m, (II.11)
and the spinors us,α, u¯s,α as well as vs,α, v¯s,α satisfying∑
s
us,α(p˜+)u¯s,β(p˜+) = (γ · p˜+ +m)αβ ,∑
s
vs,α(p˜−)v¯s,β(p˜−) = (γ · p˜− −m)αβ . (II.12)
In [21], we used the above quantization relations
(II.10) to derive the propagator of a positively charged
fermions. In the present paper, however, we use it to
determine the Wigner function of a hot and magnetized
fermionic plasma.
B. Thermodynamic quantities arising from the
thermodynamic potential of a magnetized QED
plasma
As aforementioned, in Sec. III A we use the above
quantization (II.10), and determine the thermodynamic
quantities ǫ, p‖, p⊥, · · · using the Wigner function for-
malism. We then compare the resulting expressions in
the integral form with the expressions arising from the
effective potential of a magnetized QED plasma at fi-
nite temperature T and zero chemical potential µ. It is
given by [22, 23]
Ωeff = −eB
2π
∞∑
n=0
αn
∫
dpz
2π
{
En + 2T ln
(
1 + e−βEn
)}
,
(II.13)
with β ≡ T−1 and the spin degeneracy factor αn ≡
2 − δn,0. It arises from the free fermion determinant
Ωeff = − 1βV lnZ with V a three-dimensional volume
and Z the fermionic partition function [25]. We use the
standard definitions
p‖ = −Ωeff, s = −
∂Ωeff
∂T
, M = −∂Ωeff
∂B
, (II.14)
to determine the parallel pressure p‖, the entropy den-
sity s, and the magnetization M . We arrive at
p‖ =
eB
2π2
∞∑
n=0
αn
∫ ∞
0
dkzEn
+
eB
π2
∞∑
n=0
αn
∫ ∞
0
dkz
En
k2zfF(En)
Ts =
eB
π2
∞∑
n=0
αn
∫ ∞
0
dkz
En
(E2n + k
2
z)fF(En),
BM =
eB
2π2
∞∑
n=0
αn
∫ ∞
0
dkz
En
(E2n + neB)
+
eB
π2
∞∑
n=0
αn
∫ ∞
0
dkz
En
(k2z − neB)fF(En),
(II.15)
with the Fermi-Dirac distribution function
fF(En, kz) ≡ 1
eβEn + 1
, (II.16)
and the energy En arising from (II.3) with q = +1
En =
(
m2 + 2neB + k2z
)1/2
. (II.17)
For later convenience, we have used an appropriate par-
tial integration (PI) in (II.5) to reformulate the follow-
ing integral:
T
∫ +∞
−∞
dkz
2π
ln
(
1 + e−βEn
) PI
=
1
π
∫ +∞
0
dkz
En
k2z
eβEn + 1
.
(II.18)
Combining the expressions for p‖, s, and BM , the en-
ergy density ǫ and the transverse pressure p⊥ are given
by
ǫ = −p‖ + Ts
= − eB
2π2
∞∑
n=0
αn
∫ ∞
0
dkzEn (1− 2fF(En, kz)) , (II.19)
and
p⊥ = p‖ − BM
= − (eB)
2
2π2
∞∑
n=0
nαn
∫ ∞
0
dkz
En
(1− 2fF(En, kz)) .
(II.20)
In Sec. IV, we show that the matter (T -dependent) part
of the above expressions for ǫ, p‖, and p⊥ in the massless
case coincides with the results arising from the energy-
momentum tensor determined in the Wigner function
approach.
C. Bjorken flow and the ideal transverse MHD
The above expressions for the thermodynamic quan-
tities are, in particular, functions of the temperature T
and the magnetic field eB. Assuming thermodynamic
equilibrium with a fixed temperature, the T depen-
dence of the corresponding integrals to ǫ, p‖, p⊥, · · · can
be numerically determined for a fixed eB and fermion
mass m. The goal of the present paper is, however, to
determine the proper time dependence of these ther-
modynamic quantities in a uniformly expanding ideal
plasma, where, in particular, the temperature depends
on the space and time. In this case, because of their de-
pendence on T , all the other thermodynamic quantities
become also spacetime dependent. Hence, to determine
their dynamics, it is enough to determine the evolution
of T for a fixed value of eB.
To do this, we use the ideal relativistic MHD. This
turns out to be a useful tool to describe the dynamics of
an ideal and locally equilibrated fluid in the presence of
4
electromagnetic fields. Let us thus assume our magne-
tized plasma to be in local thermal equilibrium. Assum-
ing furthermore its electric conductivity to be infinitely
large, we can neglect the electric field, and concentrate
only on the presence of a magnetic field. As it is de-
scribed in [9, 10, 13], relativistic MHD is described by
a set of equations consisting of the energy-momentum
conservation,
∂µT
µν = 0, (II.21)
the homogeneous and inhomogeneous Maxwell equa-
tions,
∂µF˜
µν = 0, ∂µF
µν = Jν , (II.22)
with the current
Jν = ρeu
ν + ∂µM
µν . (II.23)
The total energy-momentum T µν in (II.21) consists of
two parts
T µν = T µνf + T
µν
em . (II.24)
In an infinitely conducting fluid with vanishing electric
field, the fluid part of T µν is given by [10, 13]
T µνf = ǫu
µuν − p⊥ΞµνB + p‖bµbν . (II.25)
Here, uµ = γ(1,v) is the fluid four-velocity aris-
ing from uµ = dxµ/dτ with the proper time τ ≡√
t2 − x2 and γ the Lorentz factor. For the met-
ric gµν = diag (1,−1,−1,−1), it satisfies uµuµ = 1.
The transverse projector ΞµνB in (II.25) is given by
ΞµνB ≡ gµν − uµuν + bµbν with bµ ≡ Bµ/B satisfy-
ing bµb
µ = −1. The latter arises from the defini-
tion of Bµ in terms of the field strength tensor Fµν ,
Bµ ≡ 12ǫµναβFναuβ, leading to Bµ = (0,B) in the lo-
cal rest frame of the fluid uµ = (1,0). As concerns the
electromagnetic part of T µν, it is given by the standard
Maxwell tensor [9, 10],
T µνem = F
µλF νλ +
1
4
gµνF ρσFρσ . (II.26)
Using Fµν = −Bbµν with bµν ≡ ǫµναβbαuβ, T µνem is
equivalently given by
T µνem =
1
2
B2 (uµuν − ΞµνB − bµbν) . (II.27)
In (II.22), the dual field strength tensor is given by
F˜µν = Bµuν −Bνuµ. (II.28)
Moreover, the magnetization tensor Mµν in (II.23) is
given by Mµν ≡ −Mbµν. Contracting (III.21) with uν
and ∆αν = gαν − uαuν , and assuming that the fluid
velocity v is perpendicular to the direction of the mag-
netic field B, we arrive at the energy and Euler equa-
tions in transverse ideal MHD, respectively,
Dǫ+ θ(ǫ + p⊥) = 0, (II.29)
and
(
ǫ+ p⊥ +B
2
)
Duρ −∇ρ
(
p⊥ +
1
2
B2
)
= 0. (II.30)
Here, with p⊥ = p‖ − BM , D ≡ uµ∂µ, θ ≡ ∂ρuρ, and
∇µ ≡ ∆µν∂ν with ∆µν ≡ gµν − uµuν . For the plasma
under consideration, we make a number of other as-
sumptions. First, we assume that the magnetic field B
is aligned in the z-direction, and that the fluid velocity
v, being perpendicular to the direction of the magnetic
field, is directed in the y direction. Then, assuming
1. translational invariance in the x-z plane,
2. a uniform expansion of the fluid in the longitudi-
nal y direction, and
3. boost invariance along the y direction,
4. boost invariance of ǫ, p and B,
and replacing vy in u
µ = γ(1, 0, vy, 0) with vy = y/t,
we arrive at the Bjorken flow [7, 8]
uµ = (cosh η, 0, sinh η, 0) . (II.31)
Here η ≡ 12 ln t+yt−y is the boost variable in the Milne
coordinates. In these coordinates, and for a plasma
expanding in the y-direction, the proper time reads τ =√
t2 − y2. Using this parametrization, we also obtain
∂
∂t
= +coshη
∂
∂τ
− 1
τ
sinh η
∂
∂η
,
∂
∂y
= − sinh η ∂
∂τ
+
1
τ
cosh η
∂
∂η
. (II.32)
In these coordinates, the energy equation (II.29) is a
first order differential equation in τ ,
∂ǫ
∂τ
+
1
τ
(
ǫ+ p‖ −BM
)
= 0. (II.33)
In Sec. III B, we determine the thermodynamic quanti-
ties p‖, p⊥, and ǫ as functions of T in an integral form,
and show that for massless fermions they coincide with
those presented in (II.15). Plugging the corresponding
expressions to these quantities into the energy equation
(II.33) of the ideal relativistic MHD, it becomes a first
order differential equation for T . In Sec. IV, we nu-
merically solve this equation for a fixed value of B, and
determine the proper time evolution of the temperature
T . Plugging this numerical result back into p‖, p⊥, and
ǫ, the proper time evolution of these and a number of
other thermodynamic quantities are determined. The
numerical results arisen in this approach is then com-
pared with the 1 + 1 Bjorken solution [8]
T = T0
(τ0
τ
)1/κ
, (II.34)
with T0 the temperature at the initial time τ0, and κ =
3 appearing in the equation of state ǫ = κp of an ideal
gas. The coefficient κ is related to the sound velocity
5
cs by κ = c
−2
s . Generalizing this result to a 3 + 1
dimensional flow, which describes a fluid expanding in
both transverse and longitudinal directions, we get
T = T0
(τ0
τ
)
. (II.35)
Let us notice that this result is only valid at r = 0,
with r the distance to the center of the collision. In
general, it is to be replaced by T = T0
(
ρ0
ρ
)
, where
ρ ≡ √τ2 − r2 and T0 the temperature at ρ0. In Sec.
IV, we refer to this solution as the Hubble solution at
r = 0.
Another useful comparison is made with the tem-
perature arisen from the 3+1 dimensional Gubser flow
[20],2 which describes a fluid expanding not only in the
transverse y-direction but also in the x-z plane,
T = T0
(τ0
τ
)1/κ
G(r, r;τ, τ0), (II.36)
with
G(r, r;τ, τ0) ≡
(
1 + q4(τ20 − r20)4 + 2q2(τ20 + r20)
1 + q4(τ2 − r2)2 + 2q2(τ2 + r2)
)
.
(II.37)
The factor q that characterizes the Gubser temperature
is typically given by q = 1/4.3 fm−1. The parameter r is
the radial distance from the origin in the x-z plane, and
T0 is the initial temperature at τ0 and r0. Moreover, in
(II.37), G(r0, τ0; r0, τ0) = 1.
D. Proper time evolution of the magnetic field in
an expanding relativistic plasma
In this paper, for the sake of simplicity, we con-
sider a plasma consisting of only one flavor with electric
charge q = +1. It is not difficult to generalize our re-
sults to the more realistic case of an expanding plasma
of quarks and gluons consisting of various quark flavors.
This is the plasma that is created in the early stages
of heavy-ion collisions. Very strong and short-living
magnetic fields are also believed to be generated in the
same stage of these collisions. As it turns out, after a
few fm/c, they become too weak to be able to affect
the dynamics of the QGP. The proper time dependence
of the electromagnetic field created in HICs was indeed
the subject of intensive theoretical and experimental
studies in the last few years (see e.g. [2–5, 10]). The
question about the effect of spacetime dependent mag-
netic fields on the evolution of thermodynamic quan-
tities is still open. One of the main purposes of this
paper is to answer this question. The Ritus eigenfunc-
tion method, described in Sec. II A is however only
2 The result originally presented by S. Gubser in [20] has a dif-
ferent form. In Appendix A, we show that (II.36) is equivalent
with T from [20].
valid for constant magnetic fields. Consequently, the
proper time dependence of the temperature and other
thermodynamic quantities are only valid for constant
magnetic fields.
In Sec. IV, we show that it is possible to generalize
the results arisen from our numerical approach for the
case of a constant magnetic field to the case of a space-
time dependent magnetic field in an expanding plasma.
To do this, we divide the time interval under study into
a large number of infinitesimal time slices. We then as-
sume the magnetic field to be constant in each infinites-
imal time slice. Solving the aforementioned differen-
tial equation in this time slice, and then varying the
magnetic field according to a given phenomenological
or theoretical ansatz, we repeat the same computation
for the next time slice. Repeating this procedure for
all infinitesimal time interval, we arrive at the proper
time dependence of the temperature for a point to point
varying magnetic field (see Sec. IV for more details).
In what follows, we present a number of solutions for
the spacetime dependence of the magnetic field.
As it is argued in [4], the early time dynamics of the
magnetic field is described by
eB(τ) =
eB(0)
(1 + τ2/t2B)
3/2
, (II.38)
where eB(0) is some constant initial value for the mag-
netic field at τ = 0 fm/c and tB ∼ 0.065 fm/c at RHIC
top energies. In Sec. IV, we refer to this solution as
the early time (E-time) solution. Another phenomeno-
logical expression, that describes the evolution of the
magnetic field in near-central collisions is
eB(r, τ) =
m2π
a+ bτ
exp
(
− r
2
σ2r
)
. (II.39)
Here, r is the distance to the center of the collision,
mπ ∼ 140 MeV is the pion mass, a and b are two phe-
nomenological parameters given by a = 78.2658 and
b = 79.5457 fm−1, and σr = 3.5 fm for a zero impact
parameter [26]. In Sec.IV, we refer to this solution as
the phenomenological Gaussian (Pheno) solution.
Apart from these phenomenological expressions, the
evolution of the electromagnetic fields is derived from
relativistic MHD. These kinds of derivation are based
on a number of assumptions, including those listed in
Sec. II C. In [9, 10], it is also assumed that the mag-
netic field is perpendicular to its velocity, v. As it turns
out, the expansion of the QGP plays a crucial role in
the proper time evolution of the magnetic field. In the
simplest case of ideal MHD described by 1 + 1 dimen-
sional transverse MHD, and based on the Bjorken flow
(II.31), the evolution of B is given by
B = B0
(τ0
τ
)
, (II.40)
where B0 is the magnetic field strength at the initial
time τ0. In [27], we extended this ideal MHD result to
a 3 + 1 dimensional Gubser flow [20]. To do this we
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FIG. 1. (color online). Comparison of the τ dependence of eB/m2π arising from E-time (dashed blue), Pheno (dotted-dashed
orange), and CMHD for α0 = 0.1 (solid red) and α0 = 1 (dashed magenta) with the τ dependence of eB/m
2
π arising from
IdMHD for the initial magnetic field a) eB0 = 5m
2
π and b) eB0 = 15m
2
π . As it is shown, the magnetic field arising from
CMHD for α0 = 0.1 is very similar to the Bjorken expansion. Later, we will show that despite the difference between these
curves, the temperature T ⋆ arising from these magnetic fields are similar (see Sec. IV).
solve the MHD equation in a conformally flat dS3× E1
spacetime. Performing an appropriate Weyl transfor-
mation back into the Minkowski spacetime, we arrive
at
B(r, τ) = B0H(r, r0; τ, τ0), (II.41)
with
H(r, r0; τ, τ0) ≡

 1r2τ2 + α
2
0
r2
0
τ2
0
G (r, r0; τ, τ0)
1+α2
0
r0τ0


1/2
.
(II.42)
Here, similar to G(r, r0; τ, τ0) from (II.37),
H(r0, τ0; r0, τ0) = 1. Moreover, according to [27],
the factor α0 is the ratio of the longitudinal and trans-
verse components of the magnetic field α ≡ By/Bx3
In Sec. IV, we refer to this solution as the conformal
MHD (CMHD) solution. In Fig. 1, a comparison is
made between the τ dependence of the most simple
IdMHD solution (II.40) and the other solutions intro-
duced in this section, including the E-time, Pheno and
CMHD solutions for α0 = 0.1 and α0 = 1 from (II.38),
(II.39), and (II.41) in the first few femtoseconds after
the collision, ∆τ = 4 fm/c. Assuming the background
magnetic field to be τ dependent, it is possible to
determine the τ dependence of the temperature follow-
ing the procedure described before. It turns out that
despite obvious difference between the τ dependence
of various solutions for B(τ), the temperature arisen
from these solutions are similar (see Sec. IV for more
details).
3 In the more realistic case of relativistic HIC, α0 is the cotangent
of the angle between B and the beamline.
III. THERMODYNAMIC QUANTITIES IN AN
EXPANDING MAGNETIZED PLASMA: THE
WIGNER FUNCTION APPROACH
In this section, we first derive in Sec. III A 1 the
Wigner function of a fermionic system consisting of a
positive charge (q = +1) in the presence of a constant
magnetic field using the quantization given in (II.10).
Using this result, we then derive the corresponding
energy-momentum tensor to this system in Sec. III A 2.
In Sec. III B, we present the corresponding expressions
to a number of thermodynamic quantities including,
among others, p‖, p⊥, and ǫ, and compare the resulting
expressions, all in integral forms, with the results pre-
sented in (II.15), (II.19) and (II.20). To evaluate these
integrals in high and low-temperature approximations
in Sec. III B, and present separately the analytical re-
sults corresponding to the massive and massless case.
A. The Wigner function, the energy-momentum
tensor, and the resulting thermodynamic quantities
1. The Wigner function
In quantum statistical mechanics, the Wigner func-
tion W (r, k) is given by the thermal average of the nor-
mal ordered Wigner operator Wˆ as [8],
Wαβ = 〈: Wˆαβ :〉, (III.1)
where
Wˆαβ(r, k)
=
∫
d4r′e−ik·r
′
ψ¯β
(
r +
r′
2
)
U (+,−)ψα
(
r − r
′
2
)
.
(III.2)
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Here, ψ and ψ¯ are fermionic field operators, and
U(+,−), defined by
U(+,−) = exp
(
+ier′µ
∫ 1
0
dsAµ(r − r
′
2
+ sr′)
)
,
(III.3)
is the Wilson line that guarantees the gauge invari-
ance of the product ψ¯ψ, once the point-splitting is per-
formed. The latter is characterized by r′. In (III.2)
and (III.3), rµ = (t, x, y, z) and r′µ = (t′, x′, y′, z′). In
the presence of a constant magnetic field, aligned in the
z-direction, i.e. for Aµ = Bxey, U(+,−) reads
U(+,−) = eieBxy′ . (III.4)
Plugging, apart from U(+,−) from (III.4), the quanti-
zation (II.10) of the field operators ψ and ψ¯ into (III.2),
and using (II.12) as well as
〈a†n′,s′
p¯′
an,sp¯ 〉 = 〈b†n
′,s′
p¯′
bn,sp¯ 〉
= (2π)2V δ2(p¯′ − p¯)δnn′δss′fF(En, pz), (III.5)
with p¯ = (0, py, pz) and fF(En, pz) defined in (II.16),
we arrive first at
Wαβ(r, k) =
∑
n=0
∫
d4r′d2p¯
(2π)2
e−i(k·r
′−eBxy′)
2En
fF(En, pz)
×
{
[P(+)n (ζ−)]ασ (γ · p˜+ +m)σρ [P(+)n (ζ+)]ρβ
×ei(Ent′−pyy′−pzz′)
−[P(+)n (ζ¯−)]ασ (γ · p˜− −m)σρ [P(+)n (ζ¯+)]ρβ
×e−i(Ent′−pyy′−pzz′)
}
. (III.6)
Here, ζ± ≡ ξ+ ± x′2ℓb and ζ¯± ≡ ξ− ± x
′
2ℓb
with ξκ = ξκ+,
κ = ± for positively charged particles, as defined in Sec.
II A. Moreover, the projector P
(n)
n is in general defined
by P
(+)
n = P+f
+
n + ΠnP−f
−
n from (II.6). Plugging f
±
n
from (II.8) into (III.6), performing the integration over
r′µ = (t′x′, y′, z′) by making, in particular, use of
∫
dxe−x
2
Hm(x+ y)Hn(x+ z) = 2
n
√
πm!zn−mLn−mm (−2yz), n ≥ m, (III.7)
where Lkm(u) is the associated Laguerre polynomial, and eventually performing the integral over py and pz, we
arrive after a lengthy but straightforward computation at the Wigner function for a hot and magnetized QED
plasma,
W (r, k) =
=
fF(E0, kz)
E0
e−
k
2
⊥
eB L0
(
2k2⊥
eB
)[
δ(k0 − E0)(γ‖ · p˜(0)‖,+(kz) +m)− δ(k0 + E0)(γ‖ · p˜
(0)
‖,−(−kz)−m)
]
P+
+e−
k
2
⊥
eB
∑
n=1
fF(En, kz)
En
(−1)nLn
(
2k2⊥
eB
)[
δ(k0 − En)(γ‖ · p˜(n)‖,+(kz) +m)− δ(k0 + En)(γ‖ · p˜
(n)
‖,−(−kz)−m)
]
P+
−e−
k
2
⊥
eB
∑
n=1
fF(En, kz)
En
(−1)nLn−1
(
2k2⊥
eB
)[
δ(k0 − En)(γ‖ · p˜(n)‖,+(kz) +m)− δ(k0 + En)(γ‖ · p˜
(n)
‖,−(−kz)−m)
]
P−
+e−
k
2
⊥
eB
∑
n=1
fF(En, kz)
En
(−1)nL1n−1
(
2k2⊥
eB
)
×
√
2
n
{
(ky + ikx)√
eB
[
δ(k0 − En)(γ⊥ · p˜(n)⊥,+(kz))− δ(k0 + En)(γ⊥ · p˜(n)⊥,−(−kz))
]
P−
+
(ky − ikx)√
eB
[
δ(k0 − En)(γ⊥ · p˜(n)⊥,+(kz))− δ(k0 + En)(γ⊥ · p˜(n)⊥,−(−kz))
]
P+
}
. (III.8)
Here, k⊥ ≡ (0, kx, ky , 0), γ‖ ≡ (γ0, 0, 0, γ3),
γ⊥ ≡ (0, γ1, γ2, 0), p˜µ(n)± (kz) ≡ (En, 0,∓
√
2neB, kz),
p˜
µ(n)
‖,± (kz) ≡ (En, 0, 0, kz) with En = E
(+)
n defined in
(II.5), p˜
µ(n)
⊥,± (kz) ≡ (0, 0,∓
√
2neB, 0), and Lm(u) ≡
L0m(u). To simplify the combinations P±(γ ·p˜(n)± ±m)P±
or P±(γ · p˜(n)± ±m)P∓, we used P±γµ‖ = γµ‖P±, and
P±γ
µ⊥ = γµ⊥P∓, and P
2
± = P± as well as P±P∓ = 0
[28]. Let us notice that the expression on the first line of
(III.8) including L0(u) = 1 is the contribution from the
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lowest Landau level (LLL) while the remaining terms
are those from higher Landau levels (HLL). In what fol-
lows, we use the above Wigner function to determine
the energy-momentum tensor of this hot and magne-
tized QED plasma.
2. The energy-momentum tensor and thermodynamic
quantities p‖, p⊥, and ǫ
The energy-momentum tensor of a fermionic system
is given by [29]
T µν = i
4
ψ¯
(
γµ
−→
Dν + γν
−→
Dµ − γµ←−Dν − γν←−Dµ
)
ψ
−gµνL, (III.9)
with the Lagrangian density
L = 1
2
ψ¯
(
iγµ
−→
Dµ −m
)
ψ − 1
2
ψ¯
(
iγµ
←−
Dµ −m
)
ψ.
(III.10)
Here,
−→
Dµ =
−→
∂ µ − ieAµ and ←−Dµ = ←−∂ µ + ieAµ denote
the right (→) and left (←) covariant derivatives. As it
turns out, the thermal average of this operator leads to
T µν = 〈: T µν :〉
=
[
1
2
(δµλδ
ν
σ + δ
ν
λδ
µ
σ)− gµνgλσ
]∫
d4k
(2π)4
kσtr
(
γλW
)
.
(III.11)
Plugging the Wigner function (III.8) into (III.11), and
using
tr
(
γλ[δ(k0 − En)(γ‖ · p˜(n)‖,+(kz) +m)− δ(k0 + En)(γ‖ · p˜
(n)
‖,−(−kz)−m)]P±
)
= 2
[
δ(k0 − En)
(
gλ0En − gλ3kz
)− δ(k0 + En) (gλ0En + gλ3kz)
]
,
tr
(
γλ[δ(k0 − En)(γ⊥ · p˜(n)⊥,+(kz))− δ(k0 + En)(γ⊥ · p˜(n)⊥,−(−kz))]P∓
)
= 2
[
δ(k0 − En)
(
gλ2 ∓ igλ1)+ δ(k0 + En) (gλ2 ∓ igλ1)
]√
2neB, (III.12)
to perform the trace over Dirac matrices, we arrive after some works first at
T µν = 4
∫ +∞
−∞
dkz
2π
fF(E0, kz)
E0
{[
1
2
(
gµ0δν0 + δµ0gν0
)− gµν]E20 −
[
1
2
(
gµ3δν3 + δµ3gν3
)− gµν]k2z
}∫ +∞
−∞
d2k⊥
(2π)2
e−
k
2
⊥
eB
+4
∞∑
n=1
(−1)n
∫ +∞
−∞
dkz
2π
fF(En, kz)
En
{[
1
2
(
gµ0δν0 + δµ0gν0
)− gµν]E2n −
[
1
2
(
gµ3δν3 + δµ3gν3
)− gµν]k2z
}
×
∫ +∞
−∞
d2k⊥
(2π)2
e−
k
2
⊥
eB
[
Ln
(
2k2⊥
eB
)
− Ln−1
(
2k2⊥
eB
)]
+8
∞∑
n=1
(−1)n
∫ +∞
−∞
dkz
2π
fF(En, kz)
En
×
∫ +∞
−∞
d2k⊥
(2π)2
e−
k
2
⊥
eB L1n−1
(
2k2⊥
eB
)[
k2x
(
gµ1δν1 + δµ1gν1
)
+ k2y
(
gµ2δν2 + δµ2gν2
) ]
−16gµν
∞∑
n=1
(−1)n
∫ +∞
−∞
dkz
2π
fF(En, kz)
En
∫ +∞
−∞
d2k⊥
(2π)2
k2⊥e
−
k
2
⊥
eB L1n−1
(
2k2⊥
eB
)
. (III.13)
To perform the integration over k⊥, we use
∫ +∞
−∞
d2k⊥
(2π)2
e−
k
2
⊥
eB =
eB
4π
, (III.14)
as well as∫ +∞
−∞
d2k⊥
(2π)2
e−
k
2
⊥
eB Ln
(
2k2⊥
eB
)
= (−1)n eB
4π
,
∫ +∞
−∞
d2k⊥
(2π)2
e−
k
2
⊥
eB k2⊥L
1
n
(
2k2⊥
eB
)
= (−1)n (eB)
2(n+ 1)
4π
.
(III.15)
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Moreover, we use symmetry arguments4 to perform the
following integral for i = x, y:∫ +∞
−∞
d2k⊥
(2π)2
e−
k
2
⊥
eB k2i L
1
n
(
2k2⊥
eB
)
= (−1)n (eB)
2(n+ 1)
8π
.
(III.16)
We finally arrive at
T µν =
m2eB
4π2
(
gµ0δν0 + δµ0gν0 − 2gµν) ∞∑
n=0
αn
∫ +∞
−∞
dkz
En
fF(En, kz)
+
eB
4π2
(
gµ0δν0 + δµ0gν0 − gµ3δν3 − δµ3gν3) ∞∑
n=0
αn
∫ +∞
−∞
dkz
En
k2z fF(En, kz)
+
(eB)2
4π2
[
2
(
gµ0δν0 + δµ0gν0
)− (gµ1δν1 + δµ1gν1 + gµ2δν2 + δµ2gν2) ] ∞∑
n=0
nαn
∫ +∞
−∞
dkz
En
fF(En, kz).
(III.17)
Here, αn = 2 − δn,0, as introduced previously in
Sec. II B. The energy-momentum tensor presented in
(III.17) is symmetric and diagonal. Its diagonal ele-
ments are given by
T 00 =
eB
π2
∞∑
n=0
αn
∫ ∞
0
dkz
En
(
E2n −m2
)
fF(En, kz),
T 11 =
eB
π2
∞∑
n=0
αn
∫ ∞
0
dkz
En
(
neB +m2
)
fF(En, kz),
T 22 =
eB
π2
∞∑
n=0
αn
∫ ∞
0
dkz
En
(
neB +m2
)
fF(En, kz),
T 33 =
eB
π2
∞∑
n=0
αn
∫ ∞
0
dkz
En
(
k2z +m
2
)
fF(En, kz).
(III.18)
Here, as expected, the trace of the energy-momentum
tensor is proportional to the fermion mass, and reads
T µµ = −
3eBm2
π2
∞∑
n=0
αn
∫ ∞
0
dkz
En
fF(En, kz). (III.19)
It vanishes for m = 0, as expected from conformal
symmetry for massless fermions. Identifying, at this
stage, T 00 with the energy density ǫ, T 11 = T 22 with
the transverse pressure p⊥, and T
33 with the longitu-
dinal pressure p‖, it turns out that the results for these
quantities in the massless case coincide, as aforemen-
tioned, with the matter (T dependent) part of ǫ, p‖,
and p⊥ from (II.15), (II.19) and (II.20), respectively.
The quantity BM , including the magnetization M , is
4 Here, k2i , i = x, y is first replaced by
1
2
k
2
⊥, and then (II.16) is
used.
given by BM = p‖ − p⊥, or
T 33 − T 11 = eB
π2
∞∑
n=0
αn
∫ ∞
0
dkz
En
(
k2z − neB
)
fF(En, kz),
(III.20)
that is comparable with BM from (II.15). Assuming
the fermions to be massless, the transverse pressure
vanishes in the LLL approximation (n = 0), while, ac-
cording to (III.18), we have
p‖,LLL = ǫLLL =
eBT 2
12
. (III.21)
This result arises from∫ +∞
−∞
dkz
|kz|
eβ|kz| + 1
=
π2T 2
6
, (III.22)
and indicates a sound speed equal to the light speed
cs = c = 1
B. Thermodynamic quantities in the high and
low-temperature approximations
To present the analytic results for p‖, p⊥, and ǫ in
the high- and low-temperature approximations, let us
introduce first the following integral [25]:
hℓ(y) =
1
Γ(ℓ)
∫ ∞
0
dxxℓ−1√
x2 + y2
1
exp
(√
x2 + y2
)
+ 1
,
(III.23)
with x ≡ kz/T , y ≡ M2, and M a generic mass. Ac-
cording to our results from previous section, p‖, p⊥, and
10
ǫ are then given by
p‖ =
eB
π2
∞∑
n=0
αn[2T
2h3(yn) +m
2h1(yn)],
p⊥ =
eB
π2
∞∑
n=0
αn(neB +m
2)h1(yn),
ǫ =
eB
π2
∞∑
n=0
αn[2T
2h3(yn) + 2neBh1(yn)], (III.24)
where yn ≡ βMn with β = T−1 is defined in terms
of the magnetic mass Mn ≡
(
m2 + 2neB
)1/2
. In what
follows, we present the results for p‖, p⊥, and ǫ in the
high- and low-temperature approximations in the mas-
sive and massive cases separately.
1. High temperature approximation for the massive and
massless fermions
In the high-temperature expansion, hℓ-integrals in
(III.23) are evaluated according to [30], (see also Ap-
pendix B for more details),
h2ℓ+1(y) =
1
2Γ(ℓ+ 1)
ℓ−1∑
k=0
{(
1− 21−2ℓ−2k) (y
2
)2k (−1)kΓ(ℓ− k)ζ(2ℓ− 2k)
Γ(k + 1)
}
− (−1)
ℓ
2Γ2(ℓ + 1)
(y
2
)2ℓ(1
2
γE − 1
2
ψ(1 + ℓ) + ln
( y
π
))
+
1
2Γ(ℓ+ 1)
(y
2
)2ℓ ∞∑
k=1
{(
1− 21+2k) ( y
4π
)2k (−1)ℓ+kΓ(2k + 1)ζ(2k + 1)
Γ(k + 1)Γ(ℓ+ k + 1)
}
. (III.25)
This leads in particular to (see also [25])
h1(y) ≃ −1
2
ln
( y
π
)
− 1
2
γE +O
((y
2
)2)
.
h3(y) ≃ π
2
24
+O
((y
2
)2)
. (III.26)
In (III.25), Γ(z) = (z − 1)!,
ζ(s) =
∞∑
n=1
1
ns
, and ψ(z) =
Γ′(z)
Γ(z)
,
are the gamma-, Riemann zeta-, and digamma func-
tions, respectively. Moreover, γE is the Euler-
Mascheroni constant,
γE = lim
n→∞
(
− lnn+
n∑
k=1
1
k
)
≈ 0.577.
Assuming the summation over Landau levels n in
(III.24) is limited to N , the corresponding results to
p‖, p⊥, and ǫ for nonvanishing fermion mass read
p‖ ≃
eB(1 + 2N)T 2
12
− eBm
2
2π2
N∑
n=0
αn
[
ln
(yn
π
)
+ γE
]
,
p⊥ ≃ − eB
2π2
N∑
n=0
αn(m
2 + neB)
[
ln
(yn
π
)
+ γE
]
,
ǫ ≃ eBT
2(1 + 2N)
12
− 2(eB)
2
π2
N∑
n=1
n
[
ln
(yn
π
)
+ γE
]
,
(III.27)
with yn = βMn, as before. Here,
∑N
n=0 αn = 1+ 2N is
used. In the massless case, for eB ≪ T 2, we arrive, in
particular, at
p‖ ≃
eB (1 + 2N)T 2
12
,
p⊥ ≃ − (eB)
2
π2
N∑
n=1
n
(
ln
(zn
π
)
+ γE
)
,
ǫ ≃ eB (1 + 2N)T
2
12
− 2(eB)
2
π2
N∑
n=1
n
(
ln
(zn
π
)
+ γE
)
,
(III.28)
with zn ≡ β
√
2neB. Setting, N = 0 in (III.28), we
obtain p⊥ = 0, and ǫ = p‖ =
eBT 2
12 , as expected from
(III.21).5 The results presented in (III.28) can be in
particular regarded as the high-temperature approxi-
mation of the T dependent part of p‖, p⊥, and ǫ arising
from the effective action (II.13) [see (II.15), (II.19) and
(II.20) for details].
2. Low temperature approximation for massless fermions
In the low-temperature expansion, hℓ-integrals in
(III.24) are evaluated according to [30], (see also Ap-
pendix B for more details)
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hn(y) =
Γ(n2 )
Γ(n)
∞∑
k=0
Γ(k + n2 )
Γ(n2 − k)k!
[(
1
2y
)k− n
2
+1
Lik+ n
2
(e−y)− 1
22k
(
1
y
)k− n
2
+1
Lik+ n
2
(e−2y)
]
, (III.29)
that leads in particular to
h1(y) ≃
√
π
2y
U1/2(y),
h3(y) ≃
√
πy
4
U3/2(y), (III.30)
with
U3/2(y) ≡
[√
2Li3/2
(
e−y
)− Li3/2 (e−2y)
]
,
U1/2(y) ≡
[
Li1/2
(
e−y
)−√2Li1/2 (e−2y)
]
. (III.31)
Here, Lis(z) is the polylogarithm function,
Lis(z) =
∞∑
k=1
zk
ks
.
Plugging these expressions into (III.24), and setting
m = 0, p‖, p⊥, and ǫ in the low-temperature (large mag-
netic field) approximation in the massless case read
p‖ ≃
eBT 2
12
+
21/4(eB)5/4T 3/2
π
√
π
N∑
n=1
n1/4U3/2(zn)
p⊥ ≃ 2
1/4(eB)7/4T 1/2
π
√
π
N∑
n=1
n3/4U1/2(zn),
ǫ ≃ eBT
2
12
+
21/4(eB)5/4T 3/2
π
√
π
N∑
n=1
n1/4U3/2(zn)
+
25/4(eB)7/4T 1/2
π
√
π
N∑
n=1
n3/4U1/2(zn), (III.32)
with U3/2(zn) and U3/2(zn) from (III.31). Here, zn =
β
√
2neB. Moreover, as in (III.27) and (III.28), the
summation over Landau levels is limited to N .
In the next section, we use these quantities to de-
termine the proper time evolution of the temperature.
Plugging the corresponding numerical results for T
back into (III.27), (III.28) and (III.32), we arrive at
the proper time evolution of p‖, p⊥, and ǫ in the high-
and low-temperature approximations in the massless
and massive cases for a constant magnetic field.
IV. NUMERICAL RESULTS
In this section, we present a number of numerical
results arising from the analytical ones in the previous
5 We notice that the LLL approximation is only valid in the
low-temperature approximation eB ≫ T 2.
sections. In Sec. IVA, we determine the τ dependence
of T by numerically solving the energy equation arising
from the relativistic MHD. The necessary inputs are
the pressures p‖ and p⊥ as well as the energy density
ǫ, which were determined analytically in the Wigner
quantum kinetic theory approach. We also present a
number of comparisons between our results with the τ
dependence of T arising from relativistic hydrodynam-
ics (Bjorken, Hubble, and Gubser flow) for zero mag-
netic fields. The corresponding results are also com-
pared with the resulting temperatures for a point to
point varying magnetic field.
In Sec. IVB, we use our results for the τ dependence
of T to determine the τ dependence of p‖, p⊥, and ǫ.
To answer the question of whether a constant magnetic
field has a significant impact on the τ dependence of
these quantities is answered by comparing our results
with the corresponding results to a 1 + 1 dimensional
Bjorken flow. The τ dependence of other thermody-
namic quantities that are particularly defined in terms
of p‖, p⊥, and ǫ is presented in Sec. IVC. These quanti-
ties include χm, cs,‖ and cs,⊥. In Sec. IVD, we combine
the τ dependence of these quantities and that of T , and
determine the T dependence of these quantities in the
high- and low-temperature approximations.
A. The τ dependence of T in constant and
decaying magnetic fields
In Sec. III, we determined the analytical T depen-
dence of p‖, p⊥, and ǫ in high- and low-temperature ap-
proximations in the massless [(III.28) and (III.32)] and
massive cases [(III.27)]. Plugging the corresponding ex-
pressions into the energy equation (II.33), and solving
the resulting first order differential equation numeri-
cally, we arrive at the τ dependence of the temperature
T in these approximations. The fermion mass m ap-
pearing in (III.27), is chosen to be the thermal mass of
the electron [31],
m(T ) =
(
m20 +
e2T 2
8
)1/2
. (IV.1)
Here, m0 = 0.5 MeV is the electron’s rest mass, and e
its electric charge. It is given by e ≡ √4πα with the
fine structure constant α = 1/137. As concerns the ini-
tial value of the proper time, τ0 and T (τ0), we choose
τ0 = 0.2 fm/c and T0 ≡ T (τ0) = 600 MeV. The summa-
tion over Landau levels are truncated at N = ⌊ T 20eB ⌋ for
T0 = 600 MeV and fixed eB. In Figs. 2(a) and (b), we
compare the τ dependence of T arising from Bjorken
flow (II.34) [blue curves in Figs. 2(a) and 2(b)] with
the τ dependence of T arising from the solution of the
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FIG. 2. (color online). The τ dependence of T arising from the solution of the energy equation (II.33) is plotted for high-
temperature (panel a) and low-temperature (panel b) approximations. The decay of T is then compared with T (τ ) from
(II.34) arising from the 1 + 1 dimensional Bjorken flow. The latter is demonstrated with the dashed and solid curves. A
comparison is also made with the τ dependence of T arising from point to point varying magnetic fields. Here, we choose
B(τ ) from (II.40) (Ideal MHD). The resulting temperature for varying magnetic fields, denoted with black crosses, are
computed for the initial magnetic field eB0 = 2.5m
2
π and eB0 = 15m
2
π for the high (δBHI) and low (δBLI) temperature
approximations in panel a and b, respectively.
FIG. 3. (color online). The τ dependence of T arising from a constant magnetic field eB = 5m2π (red diamond) is compared
with the τ dependence of T arising from the energy equation with point to point varying magnetic fields. The initial
magnetic fields for different solutions are eB0 = 5m
2
π and eB0 = 15m
2
π for eB ≪ T 2 and eB ≫ T 2, respectively. According
to Fig. 1, the B field arising from CMHD for α0 = 0.1 almost coincides with the B field arising from IdMHD. Although in
eB ≪ T 2 the τ dependence of T arising from CMHD with α0 = 0.1, 1 almost coincides with the τ dependence of T arising
from IdMHD, this is not the case in eB ≫ T 2. Small oscillations appearing for the CMHD solution in the low-temperature
approximation sustain once smaller intervals are chosen during which the magnetic field is assumed to be constant.
aforementioned differential equation in the high- and
low-temperature approximations. In Fig. 2(a), corre-
sponding to eB ≪ T 2, the initial value of the magnetic
field is chosen to be eB0 = 0.5, 5m
2
π and in Fig. 2(b),
corresponding to eB ≫ T 2, the initial value of the mag-
netic field is chosen to be eB0 = 5, 15m
2
π. The results
demonstrated in Fig. 2 are for massless fermions. We
repeated the same computation for massive fermions by
plugging (III.27) for eB ≪ T 2 into (II.33), and arrived
at the same result as presented in Fig. 2(a). We thus
conclude that once the magnetic field is chosen to be
constant, the fermion thermal mass has not a crucial
effect on the τ dependence of T .
At this stage, following the procedure described in
Sec. II D, we determined the proper time dependence of
T for a point to point decaying magnetic field. For sim-
plicity, we choose B(τ) from (II.40) arising in the ideal
transverse MHD (IdMHD). The corresponding results
are denoted by δBHI for the high-temperature expan-
sion with the initial magnetic field eB0 = 2.5m
2
π [see
black crosses in Fig. 2(a)] and δBLI for low-temperature
expansion with the initial magnetic field eB0 = 15m
2
π
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FIG. 4. The τ dependence of the temperature for the high-
and low-temperature approximations with constant mag-
netic fields eBH = 5m
2
π and eBL = 15m
2
π , as well as δBHI
and δBLI results for point to point varying magnetic fields
according to IdMHD solution for the B field are compared
with the τ dependence of the 1 + 1 dimensional Bjorken,
3 + 1 dimensional Hubble, and Gubser flows at r = 0. Ac-
cording to this result, large magnetic fields slow up the fast
decay of the temperature in the early time.
[see black crosses in Fig. 2(b)]. We repeat the same
computation for magnetic fields varying according to
(II.38) (E-time), (II.39) (Pheno), and (II.41) (CMHD)
with α0 = 0.1 and α0 = 1. The results for the τ depen-
dence of T are plotted in Fig. 3.
Let us notice that according to the above results for
the high-temperature approximation, after an abrupt
decay within 1 fm/c, the temperature remains almost
constant around 300 MeV. Changing the initial mag-
netic field up to one order of magnitude does not affect
this result. As concerns the low-temperature expan-
sion, there is almost no difference between the τ de-
pendence of T for constant (red curves) and varying
(black crosses) magnetic fields. In the low-temperature
approximation, however, the temperature decays fast,
the result for eB = 5m2π and eB = 15m
2
π are different,
while the results for constant eB = 15m2π and a point to
point varying magnetic field with the initial magnetic
field eB0 = 15mπ2 almost coincide [see Fig. 3(b)].
In Fig. 4, the τ dependence of the temperature T is
plotted for different solutions: eBH and eBL denote the
results arising from the solution of the energy equation
for constant magnetic fields eB = 5m2π and eB = 15m
2
π
in the high- (H) and low- (L) temperature approxima-
tions, respectively. The solutions presented in (II.34),
(II.35), and (II.36) for vanishing magnetic fields are de-
noted by “Bjorken”, “Hubble at r = 0” and “Gub-
ser at r = 0”, respectively. The results corresponding
to the solution of the energy equation with point to
point varying magnetic fields are denoted by δBHI and
δBLI in the high- and low-temperature approximations.
In this case, the subscript “I” indicates the decay of
the magnetic field according to (II.40) in the 1 + 1 di-
mensional ideal MHD. As demonstrated in Fig. 4, the
temperature decays very fast for the 3 + 1 dimensional
Hubble solution. Weak magnetic fields slow up this
decay significantly, and keep the temperature almost
constant in a relatively large proper time interval. As
concerns the Gubser solution, it interpolates between
the B = 0 Bjorken solution in the early times and the
low-temperature (large magnetic field) approximation
in the late time, as is also denoted in [27].
B. The τ dependence of p‖, p⊥, and ǫ in constant
and decaying magnetic fields
Once the τ dependence of the temperature is deter-
mined by solving the energy equation either with con-
stant or with a point to point varying magnetic field,
it is possible to plug the corresponding results back
into the analytical expressions for p‖, p⊥, and ǫ from
(III.28) and (III.32) in the high- and low-temperature
approximations, eB ≪ T 2 and eB ≫ T 2, for mass-
less fermions, and (III.27) in the eB ≪ T 2 approxima-
tion for massive fermions. In Fig. 5, we plotted the
ratios p‖(τ)/p‖,0, p⊥(τ)/p⊥,0 and ǫ(τ)/ǫ0 arising from
this computation. Here, p‖,0, p⊥,0 and ǫ0 are the corre-
sponding quantities at the initial proper time τ0 = 0.2
fm/c. In Figs. 5(a), 5(b), 5(e), and 5(f), we have com-
pared the results arising from the numerical computa-
tion of p‖(τ)/p‖,0 and ǫ(τ)/ǫ0 with the corresponding
quantities arising in 1 + 1 dimensional relativistic hy-
drodynamics (Bjorken solutions) in the absence of mag-
netic fields [8]. They are given by
p(τ) = p0
(τ0
τ
)1+1/κ
, ǫ(τ) = ǫ0
(τ0
τ
)1+1/κ
. (IV.2)
For an ideal gas with ǫ = 3p, κ = 3. According to these
results, the data arising in the low-temperature (large
magnetic field) approximation, eB ≫ T 2, almost co-
incide with the corresponding results from (IV.2) from
Bjorken flow [see Figs. 5(b) and 5(f)]. In the high-
temperature (weak magnetic field) limit eB ≪ T 2, how-
ever, magnetic field slows up the decay of p‖, and ǫ [see
Figs. 5(a) and 5(e)]. As concerns the results for the
point to point varying magnetic field, once the decay is
given by (II.40) for 1 + 1 dimensional ideal MHD, the
results coincide with the numerical data from high- and
low-temperature approximations. In Fig. 5, these re-
sults are denoted by black crosses. In the eB ≪ T 2 and
eB ≫ T 2 cases, the initial magnetic field are chosen to
be eB0 = 2.5m
2
π and eB0 = 15m
2
π, respectively.
C. The τ dependence of χm, cs,‖, and cs,⊥ in
constant and decaying magnetic fields
Using the numerical results for T, p‖, p⊥, and ǫ from
the previous section, it is possible to compute a num-
ber of other thermodynamic quantities. Let us start
with the magnetic susceptibility χm, that is defined
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FIG. 5. (color online). The τ dependence of p‖(τ )/p‖,0 (panels a and b), p⊥(τ )/p⊥,0 (panels c and d), and ǫ(τ )/ǫ0 (panels e
and f) from (III.28) and (III.32) with T arising from the numerical solution of the energy equation (II.33) is compared with
the corresponding data from point to point decaying magnetic fields δBHI and δBLI, and the expressions from (IV.2) in a 1+1
dimensional Bjorken solution of relativistic hydrodynamics. In the low-temperature (large magnetic field) approximation,
these results almost coincide. At high-temperature (weak magnetic field), the magnetic field slows up the decay of ǫ and
p⊥, once compared with the Bjorken solutions (IV.2) (blue solid lines for eB = 0 in panels a,b,e, and f).
by the ratio χm = M/B. Here, M is the magneti-
zation of the medium, and is determined by the dif-
ference between the longitudinal and transverse pres-
sure, BM = p‖ − p⊥, as defined also in Sec. II B.
Using the results for p‖, and p⊥, that are plotted
in Figs. 5(a)-5(d), we plotted the τ dependence of
χm = BM/B
2 = (p‖ − p⊥)/B2 in Fig. 6. The red
curves in 6(a) and 6(b) correspond to χm in a back-
ground constant magnetic field eB = 0.5m2π in the
high-T and eB = 15m2π in the low-T approximations.
The blue crosses correspond to the results arising from
a point to point decaying magnetic field according to
15
FIG. 6. (color online) The τ dependence of χm arising from
χm = M/B with BM = p‖−p⊥ is plotted in the high (panel
a) and low (panel b) temperature approximations. To do
this, we use the results of p‖, and p⊥ from Fig. 5(a)-5(d)
for the high- and low-temperature approximations with a
constant background magnetic field as well as for a point to
point decaying magnetic field. As it turns out, whereas for
constant magnetic fields χm decreases with τ (red curves),
it increases with increasing τ for a decaying magnetic field
according to (II.40). The latter result is expected from [13],
arising in a classical kinetic theory approach.
(II.40). Whereas in the constant magnetic field χm de-
creases with increasing τ , it increases abruptly once the
magnetic field decreases from point to point. These
results coincide with the results demonstrated in [13],
where the τ dependence of χm in a uniformly expand-
ing plasma is studied using the classical kinetic the-
ory methods of anisotropic MHD. Assuming that the
magnetic field decreases with τ according to (II.40), it
is shown that within the first few fm/c χm increases.
Later on, after reaching a maximum, it decreases in the
late time τ ≃ 10 fm/c. Apart from this, χm turns out
to be positive. This indicates that the plasma under
investigation is a paramagnet. Comparing the values
of χm in the high- and low-T cases, it turns out that
χm for eB = 15m
2
π is two order of magnitude smaller
than χm for eB = 5m
2
π.
Let us now turn to the numerical results arising for
longitudinal and transverse speed of sound, cs,‖ and
cs,⊥. They are defined by [32],
6
c2s,i =
dp
dǫ
=
p′i(T )
ǫ′(T )
, i = ‖,⊥ . (IV.3)
Here, the primes denote the derivative with respect to
the temperature T . In Fig. 7, the τ dependence of c2s,‖
and c2s,⊥ are plotted in the high- and low-temperature
approximations [see Figs. 7(a) and 7(c) for the high-T
and 7(a) and 7(c) for the low-T approximations]. They
are determined by making use of the corresponding nu-
merical data to p‖, p⊥, and ǫ from Fig. 5. As it is
shown in these plots, whereas in the high-temperature
(weak magnetic field) approximation, the results cor-
responding to a point to point decaying magnetic field
(almost) coincides with those corresponding to constant
magnetic fields, in the low-temperature (large mag-
netic field) approximation the corresponding results to
a point to point decaying magnetic field is quite dif-
ferent from those corresponding to constant magnetic
fields. The qualitative difference between the τ depen-
dence of cs,‖, and cs,⊥ is also observed in the results
presented in [13], arising from a classical kinetic theory
approach.
D. The T dependence of χm, cs,‖, and cs,⊥ in
constant magnetic fields
The T dependence of thermodynamic quantities is of
particular interest in the thermal field theory. Among
others, lattice QCD is one of the most prominent nu-
merical methods to compute this dependence. In or-
der to have a comparison with lattice data, we present,
in this section, the T dependence of χm, cs,‖, and cs,⊥
arisen from our previous numerical results. Using the
τ dependence of T demonstrated in Sec. IVA, and
combining the resulting data with the data arisen from
the τ dependence of χm, cs,‖, and cs,⊥, the T depen-
dence of these quantities are determined. In Fig. 8, the
T dependence of χm(T )/χm,0 is presented in the high-
(orange circles) and low- (blue squares) temperature ap-
proximations. Here, χm,0 is the value of χm at τ = τ0.
The proper time interval between two successive points
in each curve is δτ = 0.05 fm/c. As it turns out, for
a given temperature, the value of χm arising from the
high-T approximation is 10−30% larger than the corre-
sponding value arising from the low-T approximation.
Moreover, according to these results, χm decreases with
decreasing temperature. Larger magnetic fields have a
6 In [33] an alternative definition of the equation of state is in-
troduced for a conformal fluid ǫ = 3p‖ − 2BM . Another al-
ternative definition for c2s is presented in [9, 13], and reads
c2
s,i
= pi/ǫ with i = ‖,⊥.
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FIG. 7. (color online) The τ dependence of the longitudinal and transverse speed of sound is plotted in the high (panels a
and c) and low (panel b and d) temperature approximations. The curves correspond to the results for constant magnetic
fields, while the crosses denote the results for a point to point varying magnetic field according to (II.40). The qualitative
difference between c2s,‖ and c
2
s,⊥ is similar to that presented in [13], arising in a classical kinetic theory approach.
larger impact on the decay of χm within a fixed proper
time interval. Here, this interval is chosen to be ∆τ = 4
fm/c.
As concerns the T dependence of the longitudinal
and transverse speed of sound, c2s,‖ and c
2
s,⊥, we com-
bined the data corresponding to the τ dependence of
T from Fig. 2 and those from c2s,‖ and c
2
s,⊥ from
Fig. 7, and arrived at the plots demonstrated in Fig.
9. According to these results, in the high-temperature
approximation c2s,‖ (c
2
s,⊥) decreases (increases) mono-
tonically with decreasing temperature, and increasing
the magnetic field up to one order of magnitude (from
0.5m2pi to 5m
2
π) does not significantly affect them. In
contrast, the T dependence of c2s,‖ (c
2
s,⊥) exhibits a non-
monotonic decrease (increase) with decreasing T in the
low-temperature (large magnetic field) limit. Increas-
ing the magnetic field up to one order of magnitude
affects this behavior significantly, in particular in the
late time (low-T ).
V. CONCLUDING REMARKS
In this paper, we combined the Wigner function for-
malism of relativistic quantum kinetic theory with the
energy equations of relativistic MHD to determine the
proper time evolution of the temperature in an expand-
ing hot and magnetized QED plasma. This novel ap-
proach takes, in particular, important quantum correc-
tions, including the contribution of Landau levels in
the distribution function of this fermionic system, into
account. Using the corresponding numerical results for
the proper time dependence of the temperature, we also
determined the evolution of a number of other thermo-
dynamic quantities in this plasma.
We used the solution of the Dirac equation to explic-
itly determine the Wigner function of this plasma. This
leads to the corresponding energy-momentum, which,
for its part, gives rise to the longitudinal and trans-
verse pressures with respect to the external magnetic
fields, p‖ and p⊥, as well as the energy density of this
plasma, ǫ. For further use, we determined these quanti-
ties in a high and low-temperature approximation. For
17
FIG. 8. (color online). The T dependence of χm(T )/χm,0 is
plotted in the high (orange circles) and low (blue squares)
temperature approximations. Here, we used the τ depen-
dence of T and χm. The proper time interval between two
successive points in each curve is δτ = 0.05 fm/c. According
to these results, larger magnetic fields have a larger impact
on the decay (increase) of χm within a fixed τ (T ) interval.
massless fermions, these approximations are character-
ized by eB ≪ T 2 and eB ≫ T 2. They can also be
interpreted as weak and strong magnetic field approx-
imations, respectively. Plugging these expressions in
the energy equation of relativistic MHD, and solving
the resulting first order differential equation numeri-
cally, we arrived at the proper time evolution of the
temperature in these high- and low-temperature ap-
proximations. Plugging these numerical results for T in
the analytical expressions for p‖, p⊥ and ǫ, the proper
time evolution of these quantities were determined. We
compared our results with the proper time evolution
of T, p‖, p⊥, and ǫ arising from the well-known Bjorken
solution of relativistic hydrodynamics. As concerns the
τ dependence of the temperature, we showed that weak
(strong) magnetic field decreases (increases) the slope
of the decay of T [see Figs. 2(a) and (b)]. A point to
point decaying magnetic field does not change this pic-
ture significantly. In the case of pressures and energy
density, weak magnetic fields (large T ) decreases the
slope of the decay of p‖ and ǫ, while strong magnetic
field does not affect the decay of these quantities too
much.
We notice that the Bjorken solution is in particu-
lar based on the equation of state of a noninteracting
ideal gas, ǫ = c2sp, where cs = 1/
√
3 is the speed of
sound. To analogously determine the relation between
the pressure and energy density in this model, we plot-
ted the proper time evolution of the longitudinal and
transverse speed of sound with our own data for p‖, p⊥,
and ǫ. The results demonstrated in Fig. 7 show that
the proper time evolution of c2s,i, i = ‖,⊥ is strongly
affected by strong magnetic fields eB ≫ T 2. The effect
of point to point decaying magnetic fields on the evo-
lution of these quantities is also noticeable only in the
case of strong magnetic fields.
We finally eliminated the parameter τ in the data
corresponding to T (τ) and χm(τ) as well as c
2
s,i(τ), i =
‖,⊥, and arrive at the T dependence of these quanti-
ties. The results are plotted in Figs. 8 and 9. They
indicate that χm decreases with decreasing T , and, as
concerns the T dependence of c2s,i, i = ‖,⊥, that strong
magnetic fields significantly affect the T dependence of
these quantities. We emphasize that the T dependence
of c2s,‖ and c
2
s,⊥ are totally different: Whereas c
2
s,‖ in-
creases, c2s,⊥ decreases with increasing T . It would be
interesting to confirm these results using lattice QCD at
finite T and in the presence of constant magnetic fields.
As we have noticed before, in [13] we used the classical
kinetic theory in combination with anisotropic MHD,
and studied the proper time as well as the temperature
dependence of the same thermodynamic quantities that
are studied in the present paper. A comparison of the
τ and T dependence of these quantities here with those
presented in [13] shows the effect of the quantum correc-
tions, included in the Wigner function, on the evolution
of these quantities. It would be interesting to combine
these two approaches to find a method where the Fermi-
Dirac distribution function appearing in the nonvanish-
ing components of T µν in (III.18) is replaced with the
anisotropic distribution function appearing in [13], and
to take, in this way, the effects of plasma viscosities and
quantum corrections on the thermodynamic properties
of the plasma into account. To do this, it is necessary to
appropriately revise (III.5), in order to incorporate the
anisotropy parameter appearing in [13] in the partition
function on the right-hand side of this relation. It is
worthwhile to emphasize that the method presented in
[13] is a phenomenological method. It is, in particular,
engineered according to the recipe introduced in [11, 12]
to consider, apart from the effect of plasma viscosities
[11, 12], the effect of its magnetization (net spin) on 1)
its isotropization 2) its thermodynamic properties. In
contrast, the approach introduced in the present paper
considers the interplay between the spin and the mag-
netic field from first principles, as the Wigner function
is built from quantized fermions that satisfy the Dirac
equation in which the spin of the fermions is inherently
included.
Recently, the Wigner function approach is used in
many areas of the QGP physics, including, among oth-
ers in the spin hydrodynamics [34]. It would be interest-
ing to study the coupling of the magnetic field and spin
in this context. An attempt in this direction is made
in [18]. The analytical result for the Wigner function
in the presence of a constant magnetic field, which is
presented in this paper may be used in this framework.
In particular, it would be interesting to study the effect
of the spin-magnetic field coupling on the proper time
evolution of the temperature and other thermodynamic
quantities, using the method presented in this paper.
Another way to extend the results of this paper is
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FIG. 9. (color online). The T dependence of the longitudinal and transverse speed of sound c2s,‖ and c
2
s,perp is plotted
in the high (panels a and c) and low (panels b and d) temperature approximations. Increasing the magnetic field up to
one order of magnitude does not affect the results in the high-temperature (weak magnetic field) limit. In contrast, in the
low-temperature (strong magnetic field) limit the qualitative behavior of c2s,‖ and c
2
s,perp is strongly affected by increasing
the magnetic field up to a factor of three, especially in the low-T regime, T ≤ 300 MeV.
to consider a rotating plasma in a constant magnetic
field. As it is shown in [35], the Dirac equation, in
this case, has an analytical solution, that can be used
to determine the corresponding Wigner function. The
latter can then be used to determine the proper time
dependence of the temperature and other thermody-
namic quantities by carrying out the method presented
in this paper.
VI. ACKNOWLEDGMENTS
This work is supported by Sharif University of Tech-
nology’s Office of Vice President for Research under
Grant No: G960212/Sadooghi.
Appendix A: The Gubser temperature (II.36)
The original expression for the temperature by Gub-
ser is given by [20]
T =
Tˆ0
τ1/3
(2q)2/3
[1 + q4(τ2 − r2)2 + 2q2(τ2 + r2)]1/3 . (A.1)
In what follows, we show how (II.36) with κ = 3 is
equivalent with (A.1).
Let us first notice that Tˆ0 in (A.1) is a dimension-
less constant which is fixed by choosing an appropriate
initial value for the temperature at some initial point
(τ0, r0). Moreover, q is a dimensionful quantity in fm
−1,
and the proper time τ is in fm. Hence T , as given in
(A.1), is in fm−1. In order to convert it into MeV, we
multiply it with a factor α0 = 200, arising from the fact
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that 1 fm−1 is equivalent to 200 MeV.7 We thus get
T =
α0Tˆ0
τ1/3
(2q)2/3
[1 + q4(τ2 − r2)2 + 2q2(τ2 + r2)]1/3 , (A.2)
that is in MeV. To reformulate (A.2) in terms of an
initial temperature T0, given by T0 ≡ T (τ0) and similar
to T0 appearing in the Bjorken temperature (II.34), we
define
T˜0 ≡ Tˆ0
[1 + q4 (τ20 − r20)2 + 2q2 (τ20 + r20)]1/3τ1/30
. (A.3)
The above quantity is in fm−1/3. Plugging this expres-
sion into (A.2), we get the temperature T in MeV,
T = α0T˜0(2q)
2/3
(τ0
τ
)1/3
[G(r, τ ; r0, τ0)]1/3, (A.4)
with G(r, τ ; r0, τ0) defined in (II.37). Here, α0T˜0(2q)2/3
is in MeV. At this stage, we use the fact that in the
limit q → 0 and for fixed T˜0(2q)2/3,8 (A.4) must be
equal to the Bjorken temperature (II.34). At τ = τ0,
we thus require
lim
q→0
α0T˜0(2q)
2/3
(τ0
τ
)1/3 ∣∣∣∣
τ=τ0
= T0. (A.5)
Here, lim
q→0
G(r, τ ; r0, τ0) = 1 is used. This leads to
T˜0 =
T0
α0(2q)2/3
in fm−1/3. (A.6)
Plugging eventually this expression into (A.4) yields
(II.36) with κ = 3, as expected.
Appendix B: High and low-temperature expansions
In this appendix, we show that the high- and low-
temperature expansions of the hℓ-integrals (III.23) are
given by (III.25) and (III.29), respectively. To this pur-
pose, we generalize the method introduced in [30] to the
fermionic case.
Let us first consider (III.23). Plugging
1
ea + 1
=
∞∑
ℓ=1
e−ℓa − 2
∞∑
ℓ=1
e−2ℓa, (B.1)
into (III.23), and using
∫ ∞
0
dx
x2ℓe−a
√
x2+y2√
x2 + y2
=
Γ
(
ℓ+ 12
)
√
π
(
2y
a
)ℓ
Kℓ(ay),
(B.2)
7 This arises from ~c ∼ 200MeVfm. Setting ~ = c = 1, we have
fm−1=200MeV.
8 See the paragraph below Eq. (22) in the first reference of [20]
for a similar argument for ǫ.
with Re(a) > 0,Re(b) > 0, as well as
Γ−1
(
ℓ + 1
2
)
=
2ℓ−1Γ( ℓ2 )√
πΓ(ℓ)
, (B.3)
we arrive after some computations at
hℓ(y) =
1
Γ
(
ℓ+1
2
) (y
2
) ℓ−1
2
∞∑
p=1
[
p(1−ℓ)/2K(ℓ−1)/2(py)
−2 3−ℓ2 p(1−ℓ)/2K(ℓ−1)/2(2py)
]
. (B.4)
In the above relationsKℓ(z) is the modified Bessel func-
tion. To perform the summation over p, we use the
Mellin transformation technique [30, 36]. This tech-
nique is mainly used to perform the summation [36]
I =
∞∑
n=1
f(n). (B.5)
Using the Mellin transform of f(n)
f(n) =
1
2πi
∫ C+i∞
C−i∞
dpn−pF (p), (B.6)
and the definition of the ζ-function, ζ(p) ≡∑∞n=1 n−p,
we obtain
I =
1
2πi
∫ C+i∞
C−i∞
dpF (p)ζ(p). (B.7)
According to this method, the Mellin transform of (B.4)
is given by
hℓ(y) =
1
4Γ
(
ℓ+1
2
) (y
2
)ℓ−1 1
2πi
∫ C+i∞
C−i∞
ds
(
1− 21−s)
×
(y
2
)−s
Γ
(
s− ℓ+ 1
2
)
Γ
(s
2
)
ζ(s). (B.8)
To arrive at (B.8), we also use [37]
∫ ∞
0
dppµKν(pz)
=
1
4
(
2
z
)µ+1
Γ
(
µ− ν + 1
2
)
Γ
(
µ+ ν + 1
2
)
, (B.9)
where Re(z) > 0 and Re(µ+1±ν) > 0 is assumed. For
our purpose, it is enough to concentrate on h2ℓ+1. To
performing the contour integral appearing in (B.9), we
shall have in mind that the integrand has double poles
in s = 0,−2,−4, · · · ,−2n and single poles in s = 1 and
s = 2, 4, 6, · · · , 2n. Hence, using
lim
s→s0
Res[f(s)] = lim
s→s0
1
(m− 1)!
dm−1
dsm−1
[
f(s)(s− s0)m
]
,
(B.10)
20
we obtain first
lim
s→1
f(s) = 0
lim
s→2k
f(s) =
(
1− 21−2k) (y
2
)−2k
Γ(k)ζ(2k)
× 2(−1)
ℓ−k
Γ(ℓ − k + 1)
lim
s→0
f(s) = − (−1)
ℓ
Γ(ℓ + 1)
[
γE − ψ(1 + ℓ) + 2 ln
( y
π
)]
lim
s→−2k
f(s) =
4(−1)ℓ
Γ(k + 1)Γ(ℓ+ k + 1)
(
1− 21+2k)
×
(y
2
)2k
ζ′(−2k). (B.11)
Here, γE and the digamma function ψ(z) are defined in
Sec. III [see the paragraph below (III.26)]. Using then
ζ′(−2k) = 1
2
(−1)k(2π)−2kΓ(2k + 1)ζ(2k + 1),
(B.12)
we finally arrive at (III.25), as claimed. This result is
used to determine h1 and h3 in the high-temperature
approximation (eB ≪ T 2 for massless fermions).
As concerns the low-temperature approximation
(eB ≫ T 2 for massless fermions), let us consider
(III.23) again. Using
1
ea + 1
=
1
ea − 1 −
2
e2a − 1 , (B.13)
as well as w ≡ exp
(
y −
√
x2 + y2
)
, and v ≡
exp
(
2y − 2
√
x2 + y2
)
, we arrive first at
hℓ(y) =
1
Γ(ℓ)
(
1
2y
)1− ℓ
2
×


∫ 1
0
dw
(
1− lnw2y
) ℓ
2
−1
(− lnw) ℓ2−1
ey − w
−
∫ 1
0
dv
(
1− ln v4y
) ℓ
2
−1
(− ln v) ℓ2−1
e2y − v

 .
(B.14)
Assuming then | lnw2y | ≪ 1 as well as | ln v4y | ≪ 1, and
using
(1− x)a−1 = Γ (a)
∞∑
k=0
(−x)k
Γ (a− k) Γ(k + 1) , (B.15)
as well as the integral representation of the polyloga-
rithm function Lin(x) for n > 0 [30],
Lin(x) = − 1
Γ(n)
∫ 1
0
dt
(− ln t)n−1
t− x−1 , (B.16)
we arrive at (III.29), which is used for the low-
temperature approximation in Sec. III.
[1] P. Romatschke and U. Romatschke, Relativistic fluid
dynamics in and out of equilibrium, arXiv:1712.05815
[nucl-th] (Cambridge University Press, Cambridge,
2019).
[2] D. E. Kharzeev, L. D. McLerran and H. J. Warringa,
The effects of topological charge change in heavy ion
collisions: ’Event by event P and CP violation’, Nucl.
Phys. A 803, 227 (2008), arXiv:0711.0950 [hep-ph].
[3] V. Skokov, A. Y. Illarionov and V. Toneev, Estimate
of the magnetic field strength in heavy-ion collisions,
Int. J. Mod. Phys. A 24, 5925 (2009), [arXiv:0907.1396
[nucl-th]].
[4] X. G. Huang, Electromagnetic fields and anoma-
lous transports in heavy-ion collisions — A pedagog-
ical review, Rept. Prog. Phys. 79, 076302 (2016),
arXiv:1509.04073 [nucl-th].
[5] G. Inghirami, M. Mace, Y. Hirono, L. Del Zanna,
D. E. Kharzeev and M. Bleicher, Magnetic fields
in heavy ion collisions: Flow and charge transport,
arXiv:1908.07605 [hep-ph].
L. Oliva, P. Moreau, V. Voronyuk and E. Bratkovskaya,
Influence of electromagnetic fields in proton-nucleus
collisions at relativistic energy, arXiv:1909.06770 [nucl-
th].
U. Gu¨rsoy, D. Kharzeev, E. Marcus, K. Rajagopal and
C. Shen, Charge-dependent flow induced by magnetic
and electric fields in heavy ion collisions, Phys. Rev. C
98, 055201 (2018), arXiv:1806.05288 [hep-ph].
[6] F. De Hoffmann and E. Teller, Magneto-hydrodynamic
shocks, Phys. Rev. 80, 692 (1950),
A. Lichnerowitz, Relativistic hydrodynamics and mag-
netohydrodynamics, Benjamin, New York, 1967.
[7] R. C. Hwa, Statistical description of hadron con-
stituents as a basis for the fluid model of high-energy
collisions, Phys. Rev. D 10, 2260 (1974).
J. D. Bjorken, Highly relativistic nucleus-nucleus colli-
sions: The central rapidity region,” Phys. Rev. D 27,
140 (1983).
[8] K. Yagi, T. Hatsuda and Y. Miake, Quark-gluon
plasma: From big bang to little bang, (Cambridge Uni-
versity Press, Cambridge, UK, 2008).
[9] S. Pu, V. Roy, L. Rezzolla and D. H. Rischke, Bjorken
flow in one-dimensional relativistic magnetohydrody-
namics with magnetization, Phys. Rev. D 93, 074022
21
(2016), arXiv:1602.04953 [nucl-th].
V. Roy, S. Pu, L. Rezzolla and D. Rischke, Ana-
lytic Bjorken flow in one-dimensional relativistic mag-
netohydrodynamics, Phys. Lett. B 750, 45 (2015),
arXiv:1506.06620 [nucl-th].
[10] M. Shokri and N. Sadooghi, Novel self-similar rotating
solutions of nonideal transverse magnetohydrodynam-
ics, Phys. Rev. D 96, 116008 (2017), arXiv:1705.00536
[nucl-th].
N. Sadooghi and M. Shokri, Rotating solutions of non-
ideal transverse Chern-Simons magnetohydrodynamics,
Phys. Rev. D 98, 076011 (2018), arXiv:1806.06652
[nucl-th].
[11] W. Florkowski and R. Ryblewski, Highly-anisotropic
and strongly-dissipative hydrodynamics for early stages
of relativistic heavy-ion collisions, Phys. Rev. C 83,
034907 (2011), arXiv:1007.0130 [nucl-th].
[12] M. Martinez and M. Strickland, Dissipative dynamics
of highly anisotropic systems, Nucl. Phys. A 848, 183
(2010), arXiv:1007.0889 [nucl-th].
[13] N. Sadooghi and S. M. A. Tabatabaee, Paramagnetic
squeezing of a uniformly expanding quark-gluon plasma
in and out of equilibrium, Phys. Rev. D 99, 056021
(2019), arXiv:1901.06928 [nucl-th].
[14] U. W. Heinz, Kinetic theory for nonabelian plasmas,
Phys. Rev. Lett. 51, 351 (1983).
D. Vasak, M. Gyulassy and H. T. Elze, Quantum trans-
port theory for Abelian plasmas, Annals Phys. 173, 462
(1987).
H. T. Elze, M. Gyulassy and D. Vasak, Transport equa-
tions for the QCD quark Wigner operator, Nucl. Phys.
B 276, 706 (1986).
[15] V. I. Ritus, Radiative corrections in quantum electrody-
namics with intense field and their analytical properties,
Annals Phys. 69, 555 (1972).
[16] X. l. Sheng, D. H. Rischke, D. Vasak and Q. Wang,
Wigner functions for fermions in strong magnetic
fields, Eur. Phys. J. A 54, no. 2, 21 (2018),
arXiv:1707.01388 [hep-ph].
E. V. Gorbar, V. A. Miransky, I. A. Shovkovy and
P. O. Sukhachov,Wigner function and kinetic phenom-
ena for chiral plasma in a strong magnetic field, JHEP
1708, 103 (2017) arXiv:1707.01105 [hep-ph].
[17] J. h. Gao, J. Y. Pang and Q. Wang, Chiral vortical
effect in Wigner function approach, Phys. Rev. D 100,
no. 1, 016008 (2019), arXiv:1810.02028 [nucl-th].
[18] N. Weickgenannt, X. L. Sheng, E. Speranza, Q. Wang
and D. H. Rischke, Kinetic theory for massive spin-1/2
particles from the Wigner-function formalism, Phys.
Rev. D 100, no. 5, 056018 (2019), arXiv:1902.06513
[hep-ph].
[19] A. Das, D. Kumar and H. Mishra, Chiral susceptibil-
ity in the NambuJona-Lasinio model: A Wigner func-
tion approach, Phys. Rev. D 100, no. 9, 094030 (2019),
arXiv:1907.12332 [hep-ph].
[20] S. S. Gubser, Symmetry constraints on generalizations
of Bjorken flow, Phys. Rev. D 82, 085027 (2010),
arXiv:1006.0006 [hep-th].
S. S. Gubser and A. Yarom, Conformal hydrodynamics
in Minkowski and de Sitter spacetimes, Nucl. Phys. B
846, 469 (2011), arXiv:1012.1314 [hep-th].
[21] N. Sadooghi and F. Taghinavaz, Dilepton production
rate in a hot and magnetized quark-gluon plasma, An-
nals Phys. 376, 218 (2017), arXiv:1601.04887 [hep-ph].
[22] S. Fayazbakhsh and N. Sadooghi, Weak decay constant
of neutral pions in a hot and magnetized quark matter,
Phys. Rev. D 88, 065030 (2013), arXiv:1306.2098 [hep-
ph].
S. Fayazbakhsh, S. Sadeghian and N. Sadooghi, Prop-
erties of neutral mesons in a hot and magnetized
quark matter, Phys. Rev. D 86, 085042 (2012),
arXiv:1206.6051 [hep-ph].
S. Fayazbakhsh and N. Sadooghi, Phase diagram of hot
magnetized two-flavor color superconducting quark mat-
ter, Phys. Rev. D 83, 025026 (2011), arXiv:1009.6125
[hep-ph].
[23] S. Fayazbakhsh and N. Sadooghi, Anomalous magnetic
moment of hot quarks, inverse magnetic catalysis, and
reentrance of the chiral symmetry broken phase, Phys.
Rev. D 90, 105030 (2014), arXiv:1408.5457 [hep-ph].
[24] N. Sadooghi and F. Taghinavaz, Local electric cur-
rent correlation function in an exponentially decay-
ing magnetic field, Phys. Rev. D 85, 125035 (2012),
arXiv:1203.5634 [hep-ph].
[25] J. I. Kapusta, Finite temperature field theory, Princi-
ples and applications, Second edition, (Cambridge Uni-
versity Press, Cambridge, UK, 2009).
[26] B. G. Zakharov, Electromagnetic response of
quarkgluon plasma in heavy-ion collisions, Phys.
Lett. B 737, 262 (2014), arXiv:1404.5047 [hep-ph].
V. Roy, S. Pu, L. Rezzolla and D. H. Rischke, Effect of
intense magnetic fields on reduced-MHD evolution in√
sNN = 200 GeV Au+Au collisions, Phys. Rev. C 96,
054909 (2017), arXiv:1706.05326 [nucl-th].
[27] M. Shokri and N. Sadooghi, Evolution of magnetic
fields from the 3 + 1 dimensional self-similar and Gub-
ser flows in ideal relativistic magnetohydrodynamics,
JHEP 1811, 181 (2018), arXiv:1807.09487 [nucl-th].
[28] N. Sadooghi and F. Taghinavaz, Magnetized plasminos
in cold and hot QED plasmas, Phys. Rev. D 92, 025006
(2015), arXiv:1504.04268 [hep-ph].
[29] D. N. Blaschke, F. Gieres, M. Reboud and M. Schweda,
The energymomentum tensor(s) in classical gauge the-
ories, Nucl. Phys. B 912, 192 (2016), arXiv:1605.01121
[hep-th].
[30] H. E. Haber and H. A.Weldon, On the relativistic Bose-
einstein integrals, J. Math. Phys. 23, 1852 (1982).
[31] M. Le Bellac, Thermal field theory, (Cambridge Uni-
versity Press, Cambridge, UK 1996).
[32] P. Romatschke, New developments in relativistic vis-
cous hydrodynamics, Int. J. Mod. Phys. E 19, 1 (2010),
arXiv:0902.3663 [hep-ph].
[33] M. M. Caldarelli, O. J. C. Dias and D. Klemm, JHEP
0903, 025 (2009) doi:10.1088/1126-6708/2009/03/025
[arXiv:0812.0801 [hep-th]].
[34] W. Florkowski, R. Ryblewski and A. Kumar, Relativis-
tic hydrodynamics for spin-polarized fluids, Prog. Part.
Nucl. Phys. 108, 103709 (2019), arXiv:1811.04409
[nucl-th].
W. Florkowski, B. Friman, A. Jaiswal and E. Speranza,
Relativistic fluid dynamics with spin, Phys. Rev. C 97,
no. 4, 041901 (2018), arXiv:1705.00587 [nucl-th].
[35] K. Fukushima, Extreme matter in electromagnetic fields
and rotation, Prog. Part. Nucl. Phys. 107, 167 (2019),
arXiv:1812.08886 [hep-ph].
[36] B. Davies, Integral transforms and their applications,
Springer-Verlag, New York, USA, 1985.
22
[37] I. S. Gradshtein and I.M. Ryzhik, Tables of integrals,
series, and products, Academic Press, Orlando, USA,
1980.
23
